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Abstract: We study black hole solutions in Chern-Simons higher spin supergravity 
based on the superalgebra s/(3|2). These black hole solutions have a U{1) gauge field 
and a spin 2 hair in addition to the spin 3 hair. These additional fields correspond 
to the R-symmetry charges of the supergroup s/(3|2). Using the relation between 
the bulk field equations and the Ward identities of a CFT with J\f = 2 super- W3 
symmetry, we identify the bulk charges and chemical potentials with those of the 
boundary CFT. From these identifications we see that a suitable set of variables to 
study this black hole is in terms of the charges present in three decoupled bosonic 
sub-algebras of the Af = 2 super- W3 algebra. The entropy and the partition function 
of these R-charged black holes are then evaluated in terms of the charges of the bulk 
theory as well as in terms of its chemical potentials. We then compute the partition 
function in the dual CFT and find exact agreement with the bulk partition function. 
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1. Introduction 

The study of higher spin theories {s > 2) in Anti-de Sitter spaces have been the focus 
of many recent works (see [^ for comprehensive reviews). These theories offer toy 
models of AdS/GET with enhanced symmetry and without the complications of the 
infinite tower of massive string excitations. Higher spin theories in 3 dimensional 
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Anti-de Sitter space are easier to formulate in terms of Chern-Simons theory which 
renders them more tractable P, ^, ^ |]. In three dimensions it is also possible to 
consistently truncate to a finite set of higher spin fields. There are explicit proposals 
for the CFT duals of Vasiliev like theories in terms of minimal models for cases with 
and without supersymmetry 0, |^. 

Classical solutions in higher spin theories in 3 dimensional Anti-de Sitter space 
are easy to construct (see [^] for a recent review). This is because in terms of 
the Chern-Simons formulation they correspond to a fiat connection. Black holes 
and conical defect solutions constructed in these theories have been used to study 
the spectrum, nature of singularities with enhanced higher spin symmetry and the 
holographic renormalization group @, 0. Recently the conditions under which 



a classical solution is supersymmetric in a Chern-Simons higher spin theory was 
provided in [|^, Supersymmetric classical solutions should correspond to chiral 
primaries in the boundary CFT and a recent check of this fact has been done in 



Conformal field theory in 2 dimensions with enhanced supersymmetry usually 
admits redefinitions of the currents so that the bosonic sub-algebras mutually com- 
mute. Consider the simple case of the a CFT with M = 2 supersymmetry. The 
bosonic part of this algebra consists of the stress tensor T and the U{1) current J. 
Redefining the stress tensor as 

f = T-—J^ (1.1) 
2c ^ ' 

ensures that the new Virasoro algebra commutes with the U{1) current. This re- 
definition has an important consequence for a BTZ black hole carrying f/(l) charge. 
A bulk theory with Af = 2 asymptotic algebra is a Chern-Simons theory based on 
the supergroup sZ(2|l). The bosonic spectrum of this theory consists of the graviton 
and a Chern-Simons U{1) gauge field. Consider the BTZ black hole along with the 
U{1) gauge field. The metric of the black hole is unaffected by the U{1) gauge field. 
Thus the entropy is independent of the presence of U{1) field. However the in the 
AdS/CFT correspondence, it is — T which is identified with the stress tensor of the 
bulk [|I5], |1^, [l^. This shift is due to the extra energy carried by the gauge field. 
The Cardy-like formula for the entropy now is given by^ 




S = 2nJ^ L.-^J^] (1.2) 



where Lq and Jo are the zero modes of the stress tensor and the U{1) current of 
the CFT. We wish to study this phenomena in the presence of higher spin fields 
and reproduce the partition function of black holes in higher spin supersymmetric 
theories from the CFT. 



^See ITsi for a derivation. 
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Our set up is the Chern-Simons theory based on the supergroup sZ(3|2) whose 
bosonic field content include the graviton and a spin 3 field. There is an additional 
spin 2 field and a U{1) gauge field corresponding to the R-symmetry part of the super 
group sl{3\2). To discover how the charges in the boundary are affected due to the 
presence of the U{1) field we use the correspondence of the bulk equations of motion 
to the Ward identities of the CFT |TP[. In this case the Ward identities arise from 



the semi-classical operator product expansions of the the M = 2 super W3 which is 
the asymptotic algebra of the sZ(3|2) theory^. We see that indeed the stress tensor 
is shifted precisely as expected. However, there is also a shift of the spin 3 charge 
which is proportional to the product of the spin 2 R-charge and the U{1) charge. 
The precise shifts are provided in Table 1. The bosonic part of the M = 2 super W3 
algebra can be written into 3 mutually commuting algebras given by 

M = 2 super-Ws D W+ © © u{l) (1.3) 



where W"*" is a Virasoro algebra and W~ is the bosonic W3 algebra . From these 
shifts found in table 1, we see that a natural linear combination of the bulk charges are 
directly identified with the charges in the mutually commuting bosonic algebras. We 
then construct a black hole solution carrying these charges and evaluate its partition 
function and entropy. This is done using the integrability conditions satisfied by 
the holonomy equations. The partition function and the entropy are written both 
in terms of the charges and the corresponding chemical potentials. We see that the 
black hole entropy can be written in terms of contributions from the decoupled CFTs. 
The contribution from the part is due to a Virasoro algebra and the entropy 
from the CFT can be understood in terms of the Cardy formula. The contribution 
from the W~ part to the partition function with higher spin charge has been recently 



computed in Appealing to this result we show that the entropy of the black 
hole in the higher spin super-Chern-Simons theory can be exactly reproduced form 
the CFT. We then discuss the implications of these observations for black holes in 
theories dual to the Kazama-Suzuki models of |0. 

The organization of the paper is as follows: Section 2 reviews the generalities 
of higher spin super Chern-Simons theory and then details the sZ(3|2) algebra. We 
then write down the general form of the Chern-Simons connection we will be in- 
terested in. In Section 3 the correspondence of the bulk equations of motion with 
the semi-classical Ward identities of the Af = 2 super W3 algebra is used to obtain 
the relationship between the bulk charges and chemical potentials with that of the 
boundary theory. From these we see that a natural linear combination of bulk charges 



are directly identified with the charges of the decoupled CFTs given in (|1.3|). Section 



4 discusses the construction of the higher spin black hole with spin 3 field carrying 
the spin 2 and U{1) R-charges. It then demonstrates the integrability conditions 



^Asymptotic algebras of higher spin super Chern-Simons theories were studied in j^, 12 . 
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are satisfied by the holonomy conditions. This imphes the existence of consistent 
thermodynamic description of the black hole. We then evaluate the entropy and 
the partition function of the black hole solution both in terms of charges and the 
chemical potentials. We then show that the partition function can be reproduced 
exactly from the CFT. The conditions for which the black hole is supersymmetric 
is also analysed in this section. We then discuss the implications of these observa- 
tions for black holes in supersymmetric higher spin theories based on the supergroup 
s/ts[A]. Section 6 contains the conclusions. Appendix A contains the details of the 
semiclassical OPEs of the M = 2 super W3 algebra. Appendix B demonstrates the 
equivalence of the entropy written in terms of charges to that written in terms of the 
chemical potentials. 



Note added: While this manuscript was in preparation we received which 
has some overlap with this paper. 



2. Constructing higher spin black holes 
2.1 Higher spin Chern-Simons supergravity 

It has been well-known that gravity and its supersymmetric extensions in 3-dimensions 
can be described by a Chern-Simons theories pi] , p2| , p3| , p4| . Black hole in such grav- 



ity theories have also been studied [^. Higher spin gravity with spins 2, 3, ■ ■ ■ is 
described by generalizing the gauge group from SL{2, R) x SL{2, R) to SL{N, R) x 
SL{N,R) [|, |1], This can also be phrased in terms of the higher spin algebra 
hs[X\ with A = — A^. These hs[X\ theories have gained considerable interest in the 
context of its interpretation in terms of holographic minimal models [0. As in the 
case for pure gravity one may also look for supersymmetric generalizations of higher 
spin gravity. The gauge group in such a case is given by s/;,s[A] For the case 
of TV = 2 higher spin supergravity the gauge group is given by s/(A^|A^ ~ !)• The 
Chern-Simons action for such a supergravity theory based on a supergroup Q is given 
by 



S 



k 

2^ 



str A dA 



- str 



AdA + -A^ 
3 



(2.1) 



where A = A^^T"'dx^, with being the generators of the supergroup. The gauge 
connections are given in terms of the tetrad and vielbein of the background metric 
as 

A = uj + e A = uj-e (2.2) 

The equation of motion for the action above is the flatness conditions on the gauge 
connections and is given by 



dA + A^A = Q dA + A^A = Q 



(2.3) 
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The metric can be obtained from the gauge connection using 

1 



^{N\N-l) 



str(e^e,,) 



(2.4) 



Here e(Ar|iv-i) is a normahzation constant given by !l^£L2l_ 
2.2 On the superalgebra s/(3|2) 

We shall be considering black holes in the simplest higher spin supergravity theory. 
This is based on the algebra s/(3|2) and has M = 2 supersymmetry. This is the 
semiclassical version (c — )■ oo) of the global part of the Af = 2 super-Wa algebra 



27[] . This is a refection of the fact that the asymptotic algebra for this case is that 



of super- W3 and the dual superconformal field theory has this symmetry. 

This algebra has bosonic generators J, L, V and W corresponding to spins 1, 2, 2 
and 3 respectively. The algebra formed by just L is the usual SL{2, R) algebra. There 
are fermionic generators and corresponding to spins 3/2 and 5/2 respectively. 

We shall list explicit commutation relations for this algebra below. 

[J, J] = 0, [Lm, Ln] = (m - n)L^+n, (2.5) 

[Kn; Ki] = (^ ~ '^)(-^m+n + t^^m+n)^ 

[Wm, Wn] = \{'m- n){2m^ + 2n^ - mn - 8)(L„+„ + f Kn+„), 

[j,L„] = o, [J,v;] = o, [J,W„] = 0, 

[L„, Vn] = (m - n)Vyn+n, [Lm, Wn] = (2m - n)Wm+n, 
[Vm,Wn] = f(2m-n)iy^+„. 

where n = ±(5/2)i. Here the subscripts m, n on the generators L run from —1, 0, 1 
while the subscripts on the generators W run from —2, —1, 0, 1, 2. The commutation 
relations between bosonic and fermionic generators are given by 



[Lmi 
[Kn, Gf 



m+r 1 



[I Gf] 
[J, Uf] 



(2.6) 



±f/± ^, [Gt, W^m\ = (2r - im)?7±+^, 
HIrn - T)Ut,^,. + i(3m2 - 2mr + - |)G++„ 
-lK*(\m - r)U-^^ - i(3m2 - 2mr + - f )G-+„ 
iL(2r2-2rm + m2-|)f/+„ 

+ |(4r^ - 3r^m + 2rm^ - - 9r + ^m)G+^^, 
g(2r2-2rm + m2-|)f/-^„ 



+ |(4r^ - 3r^m + 2rm^ 



m 



9r + fm)G. 



r+m' 



Here the subscripts r, s on G"^ run from —1/, 1/2 while the subscripts on the genera- 
tors run from —3/2, —1/2, 1/2, 3/2. Finally the anti-commutation rules between 
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the fermionic generators are given by 

{Gf, GJ} = ± (r - s)J, {Gf, Gf} = 0, (2.7) 

{G^, Un = ^Wr+s ± (3r - s)Vr+s, {Gf, U^} = 0, 

U;} = -f K(r - s)Wr.+s + (3^2 - Ars + Sr^ - |)(|L,+, + f 
+ i(r-s)(r2 + s2- |)J,+„ 

{f/^f/f} = 0. 

This algebra has 12 fermionic and bosonic generators each. The bosonic part of the 
superalgebra is given a direct sum of the subalgebras s/(3) ©s/(2) ©m(1). This can be 
exphcitly seen by defining new spin-2 generators, in terms of L and V as follows 

T+ = ~{Lm + 2tV^) T- = ^(4L^ + 22V;,). (2.8) 



Substitituting these redefintions in (|275|) we obtain 

[T+,T-] = 0, [T+,iy„] = 0, (2.9) 

The generators obey the sl{2) algebra while the generators T~,Wm obey the 
commutation relations of the s/(3) algebra 

[T„,T-] = (m-n)T-+„, [T-,W„] = {2m - n)Wm+n, (2.10) 

[Wm, Wn] = ^{rn- n){2m' + 2n' - mn ~ 8)T-+„. 
lb 

The s/(3) algebra above is same as that of as the one given in equation (A. 2) of 
with cr = (3/4)2. the s/(3) part we shall be using the same representation 



of the generators as given in []T^ while the for the sl{2) part the representation 
in terms of Pauli matrices are used. For the m(1) generator the diagonal matrix 



(—2, —2, —2, —3, —3) is used as mentioned in Section 61 of 
The decomposition of the super-Ws algebra 

The fact that the global generators of the bosonic part of super- W3 decomposes into 
global s/(3) © sl{2) © u{l) also carries over to local generators. It is known that the 
bosonic subalgebra of the M = 2 super- Ws algebra also splits into three mutually 
commuting pieces as mentioned in The splitting can be written as 

Ar = 2 super-Ws D W+ ©W" ©m(1) (2.11) 

contains just a spin-2 generator which is given by (T+ + ^J^) in the large c 
limit. W~ contains a spin-2 generator given by (T^ — ^J^) and a spin-3 generator 
which is given by {W — ^JV) in the large c limit. The central charges for these 
subalgebras are 

c+ = -^c, c- = ^c, cj = l (2.12) 
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We have written the field redefinitions and the central charges in the large c limit. 
The full quantum version of this decomposition and the central charges in each of 
the commuting sectors are given in |^^. The W"'" is then a Virasoro algebra with 
central charge c"*" while W~ is a W3 algebra with c~ as its central charge. This 
decomposition will play an important role when we evaluate the partition function 
of the black hole from the dual CFT and show that it precisely agrees with that 
obtained from the classical solution in the bulk. 



2.3 Black holes in higher spin supergravity 



There has been many recent constructions of classical solutions (black holes and 
conical defects) in higher spin theories [jl9|, |1T], ^. Similar constructions in higher 
spin supergravity were studied in |T^ , . They turn out to be interesting in their own 
right |jlO|, |29|, and also from their interpretation in the dual CFT ^ 



The thermodynamics of higher spin black holes turn out to be quite interesting 

, Bsl Boi. Here we shall be 



and have been recently investigated in ^ |36|, 0, | 
interested in constructing black hole solutions and studying their thermodynamics 
in such higher spin supergravity theories. The trial gauge connections for the higher 
spin black hole embedded in s/(3|2) which we shall be considering here are as follows 



A = b-^a{x+)b + b-^db A = b-^a{x+)b + b'^db 



(2.13) 



where 



{fiW2 + wiWi + woWq + w-iW-i + W-2W-2 + pVi + vqVo + v-iV-i 

- 7J0) rfx" (2.14) 

TT 



27r - 27r - vr - 



k 



JJq dx 



- {fJ,W_2 + WiWi + WqWq + w_iiy_i + W2W2 + pVi + VqVo + v^iV^i 

+iLi + -fJo)dx-^ (2.15) 

One is motivated to choose deformations of asymptotically- AdS connections of this 
form on basis of The 14 undetermined functions 

{J, C, V, W, /i, i, V-i,Vo, p, W-2, W-i,Wo, ^1,^2} 

are allowed to depend on x~^{= t + (p) and x~{= t — (p). It will be seen later that 
7, p and /i are chemical potentials conjugate to J , V and W ^. 



used in the connection a is the chemical potential conjugate to V and should not be confused 
with the radial coordinate. 
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3. Bulk equations of motion and Ward identities 



In this section we shall be taking a look at the constraints on J7, £, V and W imposed 
by the flatness conditions. We then show that we will obtain the same constraints 
using the Ward identities from the operator product expansions of the M = 2 super- 
VV3 algebra. In the process we will relate the charges and chemical potentials in 
the bulk to their counterparts in the boundary. The AdS/CFT dictionary for this 
case will be obtained. When these charges and currents are used as thermodynamic 
variables to calculate the entropy and the partition function, the identifications of 
these quantities with that of the super-Ws CFT will be important to match the 
entropy and the partition function obtain from field theory calculations. 

3.1 Bulk equations of motion 



On substituting the connection ( p.l4| ) in the Chern-Simons equation of motion [da + 



a A a = 0) we get the following considering the coefficients of each of the generators 
wi = — 

1 Att 

1 Ayr 1 Otj- 

w., = + ^d^C + f V)/i + — (£ + |V)a+/x 

1 A-TT I IT IT 

+ ^(£ + |V)V + ^ 

vo = -d+p 

£, V and W satisfy the following equations 

d_J = -9+7 (3.2) 

71 

d_£ = -^d+Wp - 4Wd+p + d+Vp + 2Vd+p (3.3) 
d.V = -^dlp - ^d+Wp - ^^d+p + d+{C+ f V)p + 2(£ + f V)a+p (3.4) 

I? ? CT n ZjCT 

d^W = -Wd+p + -d+Wp + —dip - —dliC + f V)/i - SadliC + IV)d+p 
- 5ad^{C + IV)dlp - — (£ + IV)dlp + -^{C + f V)a+(£ + f V)/i 
+ ^(£ + fV)^9+^ (3.5) 
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3.2 Ward Identities from OPEs 

In this section we sliall try to obtain the same equations as Ward identities from the 
OPEs of the M = 2 super- W3 algebra [B^. The OPEs are listed in Appendix A. 



Spin-1 current, J 

The non- vanishing OPEs for operators along with J{z) are that of J{z)J{w) and 
J{z)W{w). The Ward identity is given by 

d,J{z, -z) = j d'y {J{z)J{y)^{y) + J{z)W{yMy)) (3.6) 

here by J{z^ z) we mean the expectation value ( J)^,^,^, weighted with S'ciJ+p'^+i^^) _ 
Upon using the OPEs and upon using dz {\) = 27c5^'^\z, z) we get 

d,J = -ldJ^ + -Vi}\ (3.7) 



3 V c 

On converting the above equation to the Lorentzian signature d- — t- —dz ,d+-^dz 
and using ^ = f we can identify the bulk variables in (|3.2|) with those from the 
algebra as 

6 

J = J, 7buik = 7 + -^P • (3.8) 

c 

Stress-tensor, T 

For this case the non-zero OPEs are that of T{z)J{y), T{z)V{y) and T{z)W{y). The 
variation is then given as 

d-zT{z, -z) = j £y {T{z)J{y)^{y) + T{z)V{y)p{y) + T{z)W{y)^i{y)) (3.9) 

Substituting the OPE we obtain 

d-zT = -{2dzWfi + 3Wdzfi + 2VdzP + dzVp + Jdzi) (3.10) 
Using ( |3.6| ), converting to Lorentzian signature and comparing with ( |3.3| ) leads us to 

£ = - ( T - — J^^j , V = -V, W=\(w- -JV 

6 

Pbulk = P + - Jp, Pbulk = P (3.11) 

c 



along with the ones in ( p. 81) which remain consistent identifications. Thus, the Ward 
identities of J and T are sufficient to give all the identifications between the bulk and 
algebraic variables. We shall now find the Ward identities of V and W and compare 
them with the constraints from the bulk equations of motion with the identifications 
given in ( p.8|) and (|3.11|) . This is performed as an additional consistency check of 
the identifications. 
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The other spin-2 current, V 

The contributing OPEs in this case are that of V{z)V{y) and V{z)W{y). 



d.Viz, z) = J d'y {Viz)Viy)piy) + V iz)W (y) fiiy)) (3.12) 

from which we get 

d,V = - (^^dlp + 2{T + kV- iJ^)d,p + pd,{T + kV - 

+-^{Jd,{T + kV) - 2dJ{T + kV))p + 39,/iC[3] + 2d,C^''^p + dl{\Jp)^ 

(3.13) 



where C^'^l is given in equation ([A.10|) in the appendix. The identifications in (|3T 



and ( p.ll|) can be consistently used in while comparing ( p.4|) with the Lorentzian 
version of the above equation and using (|3.6| ) and (|3.1CI|) . 

The spin-3 charge, W 

We finally come to the case of the spin-3 charge, W. The contributions to the variation 
arise from W{z)W{:y), W{z)V{:y) and W{z)J{y) OPEs 



d,W{zrz) = J d'yiWiz)Wiy)piy)piy) + Wiz)Viy)piy) + Wiz)J{yh{y)) (3.14) 
Substituting the OPEs we get the following 



d,W{z, z)=- ^d^p - 105[2]9f/i - Isa.Et^la^/i - (25^ + 9dlB^^^)d,p 

- (a.^W + dlB^^^)p - C^^^dlp - 3(C[31 - 59,C[2l)a,p - (CW + a,C[=^])p 
+ 2Vd,^ (3.15) 



Substituting the -B^^s and C^'s above from the equation ( |A.1(J| ) and upon using (|3.6|), 



( p.lO|) , (|3.13| ) we can see that this equation exactly matches with (|3.5|) with the iden- 



tifications given in ( p. 81) and ( p. 11]) . In doing this we require to make an additional 



identification cw = . This is consistent with the relation cw = found in 



which was arrived at using the Jacobi identities satisfied by the super W3 algebra. 
Although the calculations for this specific Ward identity are quite involved, one can 
explicitly see the matching by comparing each of the coefficients of the derivatives 
of the chemical potentials 7, p and p. 

3.3 Summary - The AdS/CFT dictionary 

The identifications of the charges and chemical potentials in the boundary and the 
bulk are summarized in the following table 
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Spin 


Bulk 


Boundary 




1 


J 


J 




2 


c 






2 


V 


-V 




3 


w 




Chemical 


1 


7 


i + ^vp 


potentials 


2 


P 


P+-cJp 




3 


P 


p 



Table 1 : Relating the charges and currents of the bulk with that of the CFT'' 

These identifications constitute the AdS/CFT dictionary for this higher spin black 
hole background. It is interesting to note that the charges and chemical potentials 
shift due to the presence of the R-symmetry part. Note that these identifications 
satisfied several non-trivial checks. This is an independent reason for the dual CFT 
to have the M = 2 super- VV3 symmetry. 

Motivated by the definition (|2.8|) for the decoupled generators, let us now define 
the following linear combinations of the charges in the bulk. 

r+ = -|(£ + 2zv), r- = |(£ + iv), w_ = |w (3.16) 

the identifications for the charges become 

7; -> T+ + ^ J2 , T- ^ T_ - f J2 , W-^W ~ iJV (3.17) 

Now the bulk charges l^jW- are identified precisely with the combinations of the 
boundary currents for which the bosonic part of the M = 2 super- VV3 algebra de- 
coupled into 3 bosonic subalgebras as mentioned in subsection 2.2. This shows the 
natural identification of the decoupled operators in the CFT is in terms of the 'decou- 
pled charges' in the bulk. The combination of the boundary currents which results 
in the three decoupled bosonic algebra can also be thought of as cosetting out the 
U{1) ^ . The reason is that, now currents + ^ and T_ — | and W — ^JV are 
uncharged with respect to the U{1). 

4. The higher spin black hole 
4.1 The gauge connections 

In this section we write down the connections of the higher spin black hole embedded 
in the s/(3|2) theory. If all the charges and chemical potentials are assumed to be 

^Note that in our conventions which is the same as in jl^, — (T — '^J^) positive 
^This point was mentioned to us by Matthias Gaberdiel. 
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independent of x±, then from the equations of motion we get the following 

solution 



k 



TT 



JJo)dx- (4.1) 



(StT — StT — TT — TT \ 

L_i - — £Li - — VVi + ^ W2 - ;^:^Jo j c^a;- 

+ (M>V/^ " "T^'^ + f +(|^>^/i - T^P)Li + J^o) (4.2) 

The above connection reduces to that of the charged BTZ black hole embedded in the 
gravitational s/(2) for which the connections are given solely given in terms of L and 
J generators. This can be seen by setting /i = /2 = W = VV = p = p = V = V = 0. 
Note that this black hole is however not continuously connected to the higher spin 



black hole of The reason is that even though if one sets p = p = V = V = 0, 



the coefficient of V^i does not vanish. 



4.2 Black hole holonomy and integrability 

We shall now investigate the holonomy for the higher spin black hole constructed. 
The holonomy is a gauge invariant and meaningful quantity in Chern-Simons theory. 
We shall also see that this observable will play a role in determining the entropy for 
the black hole. We shall be determining the holonomies along the thermal circle and 
then demand their eigenvalues to be the same as the one for the BTZ black hole. 
The holonomy around the Euclidean time circle {z, z) — )■ (z + 2ttt, z + 27rf) is 

H = b-^e'^b , H = be'^b-^ (4.3) 



where 

u = 27r(ra_|_ — ra_) , u = 27r(ra_|_ — fa_) (4-4) 

For the gauge connections embedded in the s/(3|2) theory, u has the block diagonal 
form sl{3) © sl{2). The eigenvalues of the holonomy matrix for the BTZ black hole 
is (— 27ri, 0, 27ri) and (— 7ri,7ri). 
On defining 

ai = f7, a2 = fp, as = fp (4.5) 
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the sl{2) part of the holonomy for the gauge connection given in (|4.1| ) is 

( 67r(aifc+7rJ'T) 47r^(£+2iV)(T-2ta2) \ 
2nir-2^a,) -M^t^ ) (4-6) 

On finding the eigenvalues of the above matrix and equating them [in, —in) we get^ 

aik + njT = (4.7) 

Then (14.61) becomes 







4TT^(T-2ia2)(C+2iV) 



sl{3) 



while the sl{3) part is given by 

f 167r^(/:+f )v^a3 7r2(8(£+f )a(r-^)+9Wa3) 4^^ (l6^(£+f )'^a3-2fcW(r- ^ )) \ 
2n(T-'^) _32f{C+f)V^ -^(8(^+f)-(-?)+9^"3) 

\ 2 / 3fc fccr 

(4.9) 

The combinations appearing above motivates us to define a new set of variables as 
follows 

ri+ = T-2ia2, r+ = -|(£ + 2zV), k+ = -^k 
V- = r-^a2, r- = |(£+|V), k^ = lk (4.10) 

W- = |W 

The combinations for 7± and W_ were mentioned previously in (|3.16|) . This is due 
to the of the fact that the bosonic part of s/(3|2) splits as sl{3) © sl{2) © u{l). 

We shall now demand that the eigenvalues of holonomy should equal that of the 
BTZ black hole. An equivalent way of saying this is 

tr{uJsi(2)) = -2^'' (4-11) 
tr(a;2(3)) = -8rc', (4.12) 

det(a;,;(3)) = 0. (4.13) 



The first condition gives 



2 ^27rk+T+ 



^There exist two possibilities here regarding whether to equate an eigenvalue to in or —in. 
However, the condition on and ai we write down is common to both the cases. 
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the second condition for 03 = = W- gives 



.-l„o.w_=— (4.15) 



for non-zero 0^3 and W we have 

2567rVa^r_^ - 2ATik^rtT- - 727Tk^r]^a3W- - 3k^_ = (4.16) 

and from the determinant condition we get 

20487rV2a^ri + 5767rak_ri^_asr^ + SeATiak.ajri.W.T- 

+ 8647i(Tk^alWl - 27k'ir]'iW- = (4.17) 



These are the same conditions as (5.14) of ||Ty[ with C ^ r ^ rj^ and a — )■ as. 
The integrabihty conditions are then given by 

dT- 



drj_ das 

4.3 Supersymmetry of the higher spin black hole 



(4.18) 



We now analyse the supersjTumetry of this higher spin black hole. In [|T^ it was 
shown that the Killing spinor can be written in terms of products of background 
holonomies and odd-roots of the superalgebra. For calculational simplicity we shall 
restrict ourselves to the case W = 0. 

The matrix is given in terms of the Cartan matrices Hi of the superalgebra 
[HI as 



k 



Sa,S-^ = I + .(P + 2z)y^) + + ^ip + 2^)J'-^ ] 



+ {2p + ^)^-^H,+ (^ + ^]J (4.19) 



k ^ ' V 

where £1,2 are defined in ( |4.10|) . Using the subalgebra for sZ(3|2) one can derive the 
supersymmetric conditions using 

Val ± + 7^ = irii n, e Z (4.20) 

where r is the index for the Cartan matrices and i is the fermionic direction which 
one chooses, a^s are the odd-roots of the superalgebra. The commutation relations 
with the Cartan matrices with the fermionic generators are 

[Hi,Ej:^i\ = E^i, [Hi,Ei^2] = — -E'r,2, [Hi, E^^s] = 
[H2, ^r,i] = 0, [H2, ^r,2] = ^r,2, [^^3, ^r.s] = -^r,3 (4.21) 
[Hi, Eii\ = -Eli, [Hi, E^i] = -E^i 
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The supersymmetric condition(s) for the fermionic direction l = 4, j = 2 using ( 4.20| ) 
then turn out to be 



k I \ k \ k 



AniuT- , , /2vr7^\ / 47rm71 , , /27r71 



27rr+ , (txJ 



(2p + «)-^+ ( -^ + 7) =m (4.22) 



One can similarly find 5 more conditions for the other fermionic directions. 



5. Black hole thermodynamics 

5.1 Entropy in terms of higher spin charges 

The integrability conditions ( [4.18|) can be used as Maxwell relations for studying 
thermodynamics of black holes in higher spin supergravity. We are thus led to define 
the conjugate variable relations as follows 

i dSsi(3) i dSsKs) 

«3 = 7-^^ (5.1) 



47r2 dT- ' " 47r2 dW. 
and also 

The total entropy from the connection A is given by 

S = Ssii2){n) + 5,,(3)(r, W_) (5.3) 

This can be understood as follows. The gauge connection we are considering has a 
block diagonal form. The Chern-Simons action can then be written as a sum of two 
contributions from each of these blocks. Since the partition function involves e~^, 
the entropy can be written as the sum above. 
Using ([4.14[) in we get 



^./{2) = 27rV27rA;+r+ (5.4) 
The entropy contribution from the sl{3) part can calculated as follows. We substitute 



( ^.1|) in the trace condition ( 4.16|) and then solve the resulting differential equation. 
On basis of ( [4.15| ) and [0 one can choose the following anzatz 

27A;_W^ 

Ssii3) = 2vrV27rA;_71/(y) where, y = - g^^^^s (5-5) 

Substituting this in the differential equation we get 

3Qy(2-y){f'y + f-l = (5.6) 
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which has the solution 



m = cos ^ i arctan [^^^f^^ ) ) (5.7) 



Thus the final result for the entropy is 

27k 

S =2n [ ^2'Kk+T+ + ^2'Kk^T- f ' 



+ \/2nk^r, + \/2.k_T- f { ) ) (5. 



This has the series expansion 

S =2TTJ2TTk+r+ + 2nJ2nk^r- 1 + ~ , ^7 + • ■ ■ 

+ barred part (5.9) 

Note that setting >V_ = V = 0, the entropy reduces to 



S = 2nV2M. (5.10) 



Here we have used to definitions in ( |4.10D to rewrite the expression in terms of k and 
C. Thus we have obtained the expected answer of the entropy of the BTZ black hole 
embedded in the gravitational sl{2) (constructed out of Lm{= T+ + T~) generators). 
This serves as an additional check of the fact that the the entropy is the sum of the 
contributions from the sl{2) and the s/(3) part of the Chern-Simons action. 



5.2 Entropy and partition function in terms of chemical potentials 

We wish to write the formula we just obtained for the entropy of the black hole ( |5.8| ) 
in terms of the chemical potentials. This shall enable us to match the answer from 
conformal field theory. The partition function of the higher spin black hole embedded 
in s/(3|2) ©s/(3|2) is^ 

^gravity = (|e2-("^^+''+'^++''-'^-+"^^+) (5.11) 

This can be written in terms of the conventional charges and chemical potentials as 

^gravity = ^ ^ > ^ (5.12) 

^We are considering just one s/(3|2) or the holoniorphic part. 
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here 'BH' indicates that the quantity is evaluated for the higher spin black hole 
background. We thus have the following conjugate variable relations 

^■n^ij (5.13) 

47r2ir+ (5.14) 

^-K^iT- (5.15) 

^-K^iV^ (5.16) 





i dS 


Slog Z 


«! = 




dai 




I OS 


d\ogZ 


^+ = 




dr]+ 




I dS 


d\ogZ 


r]_ = 








i dS 


d\ogZ 


"3 = 


47r2 dW ' 


das 



In |^1| it was shown that the partition function for the hs[A] black hole could 
be written in terms of the chemical potentials. The approach taken was to assume 
a power series solution for C, W and other higher spin charges, plug them into 
the holonomy conditions and solve for the unknown coefficients in the power series 
expansions. Finally upon integrating the solutions for the charges, one can obtain 
the partition function. On performing a similar analysis as the above we obtain (for 
the holomorphic part with terms up to 0{af)) 

n = -jf^ (5.17) 



I = n TTd'} TT^Cto + ■ ■ ■ (5.18) 

= T^^aa + + ■ ■ ■ 5.19 

187Tri_ SlTTf]!. 

The holonomy condition imposed the following relation on J' and ai. 

aik + 7ijT = (5.20) 

from which we get 

3rj7 cai 

ai = , J = -— (5.21) 

c 3r 

To study the thermodynamics, we have the following relations 

Using it in the second equation of ( |5.21D we get 

cfdS\ fdSY^ cfdC\ , , 

This implies that the u(l) charge is forced to be zero by the holonomy condition and 
it does not contribute to the partition function. This conclusion can also be reached 
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from the second relation in ( ^.221 ) . Since, the entropy is independent of J we obtain 
a\ = 0. From the holonomy conditions this then imphes = 0. However it was 
important to keep track of the J7 to obtain the redefinitions given in Table 1. 

On integrating ( 5.17 ), ( 5.18 ) and ( 5.19 ) we obtain the partition function to be 



logZgravity(^?+,??-,a3) 



mc 



+ 



127]+ 12r] 



1 . 

3 r^i 



160(t2 al 
27 ^ 



+ 



(5.24) 



where we have used k± = c±/6. On exponentiating the above, we get 



^gravity Q 



-c/24 



1 + 



27r2c 

V- 



18 r]^ 



20o^a| 
81 ^ 



+ 



(5.25) 



Upon using S = log Z{ri+, r]^, a^) — 4:TT^i{ri+T+ + r^-Tl + asW), the entropy is 



ITTC ITXC 

6r7_|_ 6?7_ 



+ 



9 ^ 



+ 



(5.26) 



The equivalence of the above formula with the one in terms of the charges ( |5.9| ) is 
shown in Appendix p. 

Using ( [4. 101) the partition function ( ^.26| ) reads as (with a = 9/16) 



logZ 



gravity 



mc 

127 



1 + — + — + 



(5.27) 



5.3 Partition function from the dual CFT 



We shall now calculate the partition function from the dual CFT. As was noted 
earlier the bosonic part of A/" = 2 super- W3 algebra splits as W+ © W_ © m(1). The 
expression for the partition function is then given by 



^CFT 



tr 



n 



2ni (f,+ {T+ + J- J2 _ |1 )+^)_ (T- - ^ J2 - 1- )+a3 +&i Jo 



(5.28) 



The chemical potentials appearing here are those in the CFT and are not the same 
as those in gravity. The relation between the two sets of chemical potential is given 
in Table 1. Using the relations in Table 1 and similar definitions as given in (|4.5| ) 
and (|4.10|) for the chemical potentials in the CFT we can obtain the the following 
identity 

r}+(To+ + J^Jo^)+r/_(To--fJo^)+diJo = r/+(To+ + ^Jo^) + r^_(To--fJo2)+aiJo (5.29) 

This identity allows the rewriting of the CFT partition function in terms of the 
chemical potentials of the bulk. The partition function then becomes 



>CFT 



27,i {n+ (T+ + ^ Jl)+v- (To -^4) +a3 Wg+aiJo) 



(5.30) 
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Since the VV+, W- and u{l) are mutually commuting subalgebras, we have 



27rir?+(r+ + ij2) 27ri(,,_(To -hi)+a3Wo ) 2™iJo 



and also the full Hilbert space of states in the CFT factorizes as 



(5.31) 



(5.32) 



The m(1) part does not contribute to the partition function for our case since we 
are restricting ourselves to the zero charge sector as seen in ( p. 231 ). The partition 
function can then be written as contributions from the Virasoro (VV+) and the W3 
(W_) parts. 



^CFT 



(5.33) 



We shall calculate the partition function at high temperature regime 1/r — )■ 0. The 
leading term for the Virasoro part is 1. Plugging in the answer calculated for the W3 
part from (with A = 3, c — )■ c~, r — )■ and a — > 0:3)^, we get 



CFT 



-c/24 



1 



2Txic 

V- 



a an 



20^2 al 
81 ^ 



+ 



(5.34) 



The above answer for the partition function matches precisely with the one calculated 
from gravity (|5.25|) . It can also be seen easily that (|5.34|) reduces to the Cardy's 
formula for the BTZ black hole embedded in the gravitational sl{2) when cti = = 

^2 = ^3. 

5.4 Generalizations to higher spin black holes in shs[A] 

One can generalize the above observations found for black holes in the s/(3|2) the- 
ory to the case of sl{N\N — 1) theory and the Chern-Simons theory based on the 
superalgebra shs[A]. The crucial observation which made it possible to obtain the 
partition function of the black hole from the CFT was the existence of charges by 
which the CFT decoupled into three bosonic sub-algebras. The charges of the black 
hole could then be mapped to charges in each of the sub-algebras. The black hole 
we studied turned out to have higher spin charge in the s/(3) sub-algebra as well as 
the a charge in the s/(2) part. Thus appealing to the result of and the Cardy 
formula the entropy of the black hole was reproduced from the CFT. 

Let us now examine the situation for the Chern-Simons theory based on the 
superalgebra shs[A]. It is dual to the Kazama-Suzuki model based on the coset 0] 

SU{N + l)k X S0{2N)i 



SU{N)k+l X U{l)]si(N+l)(k+N+l) 



(5.35) 



has a set to — 1. 
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The model has a Wn+i superalgebra whose global part is sl{N + 1\N). The t' Hooft 
limit of this coset with 



is dual to the shs[A] Chern-Simons theory. As discussed in ^ the coset admits 
the following decomposition 

SU{N + l)fc X S0{2N)i SU{k)N X SU{k), ^ SU{N)k x SUjN), ^ ^^^^ 



SUiN)k+i X f/(l);v(7v+i)(fc+^+i) SUik)r,+i 5f/(iV),H 

(5.37) 

These cosets are precisely of the form considered by in the minimal model/higher 
spin duality. Thus the bosonic part of the Wn+i superalgebra decomposes into the 
algebra Woo (1 — A) © Woo (A) © . It's worthwhile noting that the coset is invariant 
under the level-rank exchange N < — y k (or A < — y 1 — A). These theories therefore 
have a strong- weak self-duality. Now any black hole considered in the shs[A] theory 
will carry a specific set of bosonic charges. The relation ( |5.37|) implies that, there 
exists a re-definition of the charges such that they correspond to charges in the 
decoupled bosonic sub-algebra of the superalgebra. The partition function of black 
holes carrying a specific set of higher spin charges constructed by |^ in the Woo (A) 



theory has been reproduced in the CFT by the computation done in . Therefore 
we conclude that the partition function of higher spin black holes constructed by [ PT | 
embedded in Woo(l — A) © Woo (A) algebra will be reproduced in the CFT. It will be 
interesting to find the re-definitions of the charges of the black hole so that they can 
be mapped to charges in the decoupled algebras for the shs[A] just as we have done 
for the sZ(3|2) theory. 



6. Conclusions 

In this paper we have obtained the relations between the definitions of the charges 
and the chemical potentials between the boundary CFT and the bulk s/(3|2) Chern- 
Simons theory. These relations are summarized in Table 1. From these relations we 
observed that a natural linear combinations of the bulk charges can be identified with 
the charges of the decoupled bosonic sub-algebras of the super W3 CFT. We then 
constructed a higher spin black hole in this theory and evaluated both its entropy 
and partition function. The entropy was shown to be a sum of contributions from the 
decoupled sub-algebras. The decomposition of the CFT into decoupled sectors also 
enabled the evaluation of the partition function which was shown to be in precise 
agreement with that evaluated in the bulk. 

As we have discussed these observations can be generalized to the case of Chern- 
Simons theory based on the supergroup shs[A]. It will be interesting to find the 
analog of the relations given in Table 1. for this case. These relations will facilitate 
the evaluation the entropy of the higher spin black hole in these theories. Another 
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direction to explore is the implication of the relations in Table 1. and its counter 
parts in other theories for smooth conical defects in these theories. It is possible that 
these classical solutions can be related to the vacuum. 
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A. OPEs of A/" = 2 super- W3 



Following [27], we shall list the operator product expansions which were used to 



calculate the Ward identities in Section 2. 



J{z)J{w) ~ (A.l) 
Jiz)Wiw) ~ -^—.V{w) (A.2) 

[z — wy 



T{z)J{w)^- - + - A.3 

[z — wY [z — y) 

[z — wy [z — y) 

{z - wy [z - y) 



V[z)V[w) ~ + + (A.6) 

[z — wy [z — w) [z — wy 

[z — w) \{z — wy [z — w) J 

[z — wy [z — wy [z — w) J [z — wy 



^The last term here had a 36 instead of 6 in ||2^ as a possible typographical error. The OPE we 
have written here gives the correct commutation relation. 
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W{z)J{w) ~ -V{w) + :-d^V{w) (A.7) 

[z — wY [z — W) 

W{z)V{w) ~ (-20C[21 + 69^CW) + (3C[31 - Isa^Ct^' + S^^C™) 

(2; — w)'' [z — wY 



(A.8) 

W{Z)W{W) ~ + f + ^^5.^ 



3(2; — w)^ \{z — wY {z — w) 



{z — wY (z — wY (z — wY ^ {z — w) 
The exact expressions of A^l, i?'' and C^' appearing in the OPEs above are given 



m 



27[| . However, we are interested in the semiclassical hmit of c — ?■ 00. It can seen 
from the equations of motion that the operators £, V and W scale as 0(c), while all 
the chemical potentials scale as 0(1). On retaining just the 0(c) terms in the OPEs 
and O" are expressed as follows 

Ai^]=T--J^ + KV 
2c 

Bi'] = ^(T + -v)-—J' 
4 V 5 / 40c 

^[4] = - ^J'T + -Jd'j - —d\j^) + —TV + -JW 

c 2c 20c c c 

ow = ij 

= 

= 1 JT - +'-W + -JV (A.IO) 
c c^ 2 c 

CW = -(Jd(T + kV + — J2) - 2dJ(T + kV + — J2)) 
c 2c 2c 

While obtaining the above the fermionic operators were set to zero. 

B. Equivalence of the black hole entropy formulae 

We shall prove the equivalence of the formula for the entropy of the higher spin black 
hole written in terms of charges ( |5.8| ) or ( p.9[ ) with that of the formula in terms of 



the chemical potentials {EZ 



The formula for the entropy in terms of the chemical potentials reads as 
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We assume a series expansion for 5(7+, 7^, VV-) of the form 



5(r+,r_,W_) = 27r v/27rA;+r+ + 2n^2nk^r- Xj 



j=0 



2 \ J 



One can substitute ( p.2| ) on the LHS of ( p.l|) and find as 



and r]i 



and substitute them on the RHS of (p.l| ), to get the following equations 



Xo = 1 

,2 



2567r(TX;^ = 3kxi 
5 {A5k\l + 18^X2 + 5242887rV\t) = 30727rA;axi (25x? + 4^2) 



(B.2) 



4^ aCi 



(B.3) 



which have the solutions 

Xo = 1 , Xi 



3A;. 



105A;2 



X2 



(B.4) 



2567rcT ' 1310727r2(T2 ' 

This is in precise agreement with the expansion in terms of the charges given in ( |5.9| ) . 
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